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Abstract— We present an end-to-end framework for planning
tight assembly operations, where the input is a set of digital mod-
els, and the output is a full execution plan for a physical robotic
arm, including the trajectory placement and the grasping. The
framework builds on our earlier results on tight assembly plan-
ning for free-flying objects and includes the following novel com-
ponents: (i) the framework itself together with physical demon-
strations, (ii) trajectory placement based on novel dynamic path-
wise IK and (iii) post processing of the free-flying paths to relax
the tightness and smooth the path. The framework provides
guarantees as to the quality of the outcome trajectory. For each
component we provide the algorithmic details and a full open-
source software package for reproducing the process. Lastly, we
demonstrate the framework with tight and challenging assembly
problems (as well as puzzles, which are planned to be hard to
assemble), using a UR5e robotic arm in the real world and in sim-
ulation. See the figure at the top for a physical UR5e assembling
the alpha-z puzzle (known to be considerably more complicated
to assemble than the celebrated alpha puzzle). Full video clips of
all the assembly demonstrations together with our open source
software are available at our project page: https://tau-c
gl.github.io/Full-Cycle-Assembly-Operation/

I. INTRODUCTION

Assembly planning, as well as other robotic manipulation
tasks such as painting or welding are a central pillar in the
fourth industrial revolution [1]–[3]. Assembly is a fundamen-
tal process in manufacturing, where separate parts are put
together to create a final product. Assembly Planning is the
process of determining a sequence of motions for this assem-
bly. It also offers valuable feedback to CAD designers [4]. In
manufacturing industry, assembly consumes about half of the
production time and 20% of total manufacturing costs [5],
[6]. The growing demand for mass customization requires
flexibility in production, often achieved during product
assembly [7]. Consequently, Assembly Planning and robotic
assembly have become prominent fields of research [8], [9].

With millions of industrial robots operating in factories,
and them being one of the most quickly growing industrial
sectors [3], the challenge of translating a digital plan of the
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parts into a final robotic arm trajectory becomes a critical
task. Yet, the control and programming of the commercially
available industrial robots are limiting factors for their
effective implementation, especially for dynamic production
environments or when complex applications are required [10].
There are motion-planning solutions in the Cartesian space for
the sub-assemblies as free-flying1 objects, such as [11]–[13],
and our previous work [14]. However, it is crucial to provide
a solution in the robot joint-space, as inverse kinematics (IK)
for configurations along the free-flying path do not guarantee
a continuous trajectory in the joint space due to singularities,
where two neighboring configurations in the Cartesian space
might require two far apart C-space configurations, and
different IK branches (see Section III-C for details).

Fig. 1: Three tight assemblies physically assembled using
our framework. On the left, the famous alpha puzzle. In
the middle, the much harder alpha-z puzzle. On the right,
assembly no. 16505 from [12] in its assembled state, with
which we demonstrate trajectory search with constraints.
The video clips for all assemblies are available at https:
//tau-cgl.github.io/Full-Cycle-Assembl
y-Operation/

We are not aware of any existing end-to-end software
solution that receives a digital design of sub-assemblies on
one end, and outputs a joint-based trajectory and placement
to solve the assembly—which actually work in the real

1By free-flying we refer to objects that are neither fixed by a fixture nor
attached to a robotic arm.
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world—on the other. Some of the building blocks are in
place. In this work we address and add the missing pieces,
and put all the ingredients together.

We break this challenge into a few steps, starting with
the free-flying objects trajectory planning. Sampling based
approaches dominate the field for more than two decades,
with Probabilistic Roadmaps (PRM) [15] and Rapidly-
Exploring Random Trees (RRT) [11] guaranteeing prob-
abilistic completeness.2 [16], [17] followed by numerous
variants aimed at improving parameters such as computational
speed [18]–[20], path quality [19], [21], or guaranteeing
anytime performance [20], [22]. Various strategies were used
to attack the remaining challenge of tight3 assembly planning,
including applying a bridge-test for samples [23], [24], sam-
pling sub-manifolds of the C-space rather than just points [25],
[26], learning-based approaches [27], [28], approaches based
on the specific geometric features of the elements [13], [29],
compliant motion planning [30]–[34], physical-simulation
based methods [12], [35], and learning [14], [36]–[41].

Most of the above approaches were tested in simulation,
and they allow for some minimal penetration between
the objects. Having real world implementation in mind,
these penetrations should be avoided. We use a variant
of the retract function from our previous work [14] to
eliminate those penetrations. We then smooth this path
by removing configuration points and replacing them with
newly interpolated ones, as long as the newly created
configurations do not create new penetrations.

Then comes the Inverse Kinematics (IK) phase, transferring
these workspace configurations to the joint-space. There
are two main approaches to IK. One is numeric [42], [43],
which may suffer from instability around robotic arm
singularities [44] as well as possible inconsistencies of
the returned branch. The other one is analytic [45], [46],
available for the UR-like arms, providing analysis and
control over the returned branch [44], and is faster and more
accurate, especially near singularities [47], [48]. In this
work we focus on the Universal Robots geometry, which
is very common among today’s cobots, and is one of the
fastest growing in general since its launch in 2008 [49].
However, isolated IK solutions do not guarantee continuous
end-effector trajectory due to robot singularities, as well as
internal and external obstacles. Additional work was done
on path-wise IK [50]–[52], although results are forced to
a single robot placement, algorithm allows variance around
the desired configurations, and numeric IK is in use, which
makes solutions more challenging around singularities.

Last is the challenge of trajectory placement. This is similar
to the well studied robot placement problem [53], where valid
locations of the robot’s base are searched for each desired
pose, or a set of poses, of the robot’s end effector. Further
work was done on mapping and testing robot placement for
multiple isolated configurations [53] in order for the robot
to be able to complete a path. However, our challenge is to

2Probabilistic completeness is the property that as more samples are
added, the probability that the planner fails to find a path, if one exists,
asymptotically approaches zero.

3By tight we refer to motion planning instances where any collision-free
path from start to target must go through a point with very low clearance,
making it hard to solve by standard planning techniques.

place a full continuous trajectory, which may be considered
as placing a 6D curve in a complex 6D environment.

Works we have found that tackle the entire framework
differ from our own in their settings and the type of tasks
they handle. One such work solves only the translational
(3D) case [54]. A more recent one [55] provides a dataset of
peg-in-a-hole type of problems, where the pegs are in vertical
orientation, taking an RL approach, using a camera, to cope
with them. Another recent work [] Our work focuses on pro-
viding a full framework, from digital plans of sub-assemblies
to real world execution, of tight assembly problems including
non-trivial combination of translation and rotation.

The contribution in this work is as follows: (1) A
framework that takes in digital designs of sub-assemblies,
and outputs an execution plan for their assembly in the
physical world using a robotic arm. We demonstrate the
framework using a physical robot solving tight assembly
tasks and include an open-source code package. This is
the first such framework and implementation to the authors
knowledge. (2) Placement of the 6D workspace trajectory
relative to the robotic arm, which is equivalent to embedding
a 6D curve within a complex 6D environment. To achieve
this, we have developed an adaptive method for selecting
inverse kinematics (IK) branches along the trajectory. This
adaptive IK-branch-switching strategy ensures accurate
execution by providing formal guarantees—measured in
terms of the Hausdorff distance—bounding the error between
the executed trajectory and the desired one. (3) Tailored
relaxation and smoothing functions appropriate for bridging
the gap between the free-flying digital objects trajectory to
their real world counterparts.

II. PROBLEM STATEMENT

In this work we tackle the problem of receiving the design
of two rigid bodies4 to be assembled, together with desired
start and goal relative positions. The output is detailed instruc-
tions of how a robotic arm may perform the assembly task,
including trajectory placement, grasping poses, and trajectory
of the robotic arm in term of joint angles along the process.

More formally, we start with two rigid bodies B1,B2⊆R3,
which we wish to assemble. We assume that B1 is fixed
at some pose q̄static ∈SE(3), and that B2 is the object we
wish to move from configuration q̄start to configuration q̄goal
in SE(3). From here on, we refer to B1 as the static body
or static sub-assembly, and to B2 as the dynamic body or
the dynamic sub-assembly.

The configuration space, C-space for short, of the robotic
arm (a 6 joints UR5e by Universal Robots), C⊆R6 such that
c∈C is the robotic arm configuration in joint-space. That is
c=[θ1,θ2,θ3,θ4,θ5,θ6], 0<=θj<4π is a set of joint angles of
the arm. The forward kinematics function fg maps a C-space
configuration c∈C to a workspace pose q̄=(fg(c)) given
some linear transformation g representing the grasping pose.

Let ℓij be the j’th link of the robot when in configuration
ci. We say that ci∈Cforbid⊆C if any two of the robot links
ℓij and the two rigid bodies are intersecting.

4It is convenient for the purpose of description and analysis to think of
the bodies Bi as open sets in R3, as in particular we wish to let them touch
each other during the (dis)assembly operation.



We define the free region as all configurations that yield
no intersection of the robot and the objects,

Cfree=(C\Cforbid). (1)
Our problem is then finding a grasp g together with a

collision free path from cstart ∈ Cfree to cgoal ∈ Cfree, i.e., to
find some path γ : [0,1]→ Cfree such that γ(0) = cstart and
γ(1)=cgoal, such that q̄start=fg(cstart) and q̄goal=fg(cgoal).

In this work we restrict ourselves to paths γ that are
piecewise linear, that is, a sequence:

cstart=c0,c1,...,cN−1,cN =cgoal, (2)
and the segment between each pair of consecutive config-
urations in the sequence, such that γ is contained in Cfree.

III. A FRAMEWORK FOR TIGHT ASSEMBLY OPERATIONS

This section describes the main steps of the complete
pipeline from the digital plan of the sub-assemblies to the
actual execution by a physical robotic arm.

A. Motion planning for free-flying objects
We start with a free flying tight assembly problem,

presented as digital modeling of two free-flying bodies
B1 and B2, as well as start and goal positions q̄start and
q̄goal as presented in Section II. We deploy an appropriate
motion planning algorithm, e.g., as described in [12]–[14].
Specifically, in this work we use the TR-RRT algorithm
from our previous work [14], as it best performs on the
dataset presented in [12], from which we extracted the
demonstrations in the current work. The output of this phase
is a piecewise linear path γ̄, that is, a collision free path
from q̄start ∈ C̄free to q̄goal ∈ C̄free, i.e., a path γ̄ : [0,1]→C̄free
such that γ̄(0)= q̄start and γ̄(1)= q̄goal. The full sequence is

q̄start= q̄0,q̄1,...,q̄N−1,q̄N = q̄goal, (3)
and the segment between each pair of consecutive configura-
tions in the sequence, such that γ̄ is contained in C̄free.

B. Relaxation and smoothing
The output path γ̄ from the previous section has two

properties that are undesirable for the next phases.
First, free-flying motion planning algorithms usually

allow some small penetration between the sub-assemblies.
This works perfectly in simulation, but is challenging for
the physical world. Hence, we start by leveraging a variant
of the retract function from [14], which is based on the
gradient of the SDF (the 6D direction that maximizes the
separation of the sub-assemblies), and slightly shift and
rotate every configuration q̄i to q̄′i, such that the distance
between the sub-assemblies is either positive (for more than
95% of the cases, which are not in the narrow passages of
the path), or the penetration is smaller than 10−5m, which is
smaller than the resolution of our manufacturing means (3D
printer). This relaxation also makes the joint-space trajectory
γ less sensitive to calibration or manufacturing errors.

The second undesirable property of the free-flying path
γ̄ is that it may be, as is often the case with sampling-based
plans, unnecessarily long and jagged. For this we carry
out a post processing step of shortening and smoothing the
trajectory γ̄ in the workspace, in order to remove redundant
parts and speed up the execution. In this part we remove
every other configuration along γ̄ as long as the interpolated
configuration between the two remaining end configurations

does not generate a new penetration. We repeat this process a
few times. However, in order to avoid later penetrations due
to interpolation in the joint-space trajectory γ over too long
edges, we actually replace every removed configuration in the
workspace trajectory γ̄ with a new configuration, which is the
interpolation of its two neighbors. This way we can create
workspace edges as short as we wish, hence limiting the
potential for penetration in the interpolation to be performed
in the joint space. For sake of simplicity we reuse the symbol
γ̄ to represent the path after relaxation and smoothing.

C. CPW-IK: Continuous path-wise IK, and branch switching

This step addresses one of the major and recurring
difficulties in transfer of the trajectory from free-flying
sub-assemblies to sub-assemblies manipulated by a robot
arm: The behaviour of the trajectory in the C-space, namely
in the joint-angles space. Quite often, a valid trajectory in
the workspace has no feasible counterpart in joint space
due to a variety of reasons including the lack of relevant
inverse kinematic solutions, singular configurations, or self
collision of the robot links. Moreover, the motion between
configurations that are close-by in the workspace may
translate to convoluted and long motions in joint space.
We wish to generate a path in C-space that will make the
end-effector track the path γ̄ up to some pre-defined error ϵ.
The resulting joint-space trajectory should be continuous
and collision-free. We denote the sub-assembly manipulated
by the robotic arm by A. In order to define the error of
a generated path we first look at ∂A ⊆ R3, the boundary
of A. For a generated path γ, each point p ∈ ∂A follows
some trajectory γp⊆R3. Similarly, for the original path γ̄, p
follows a trajectory γ̄p⊆R3. We define the error of p under
γ to be the one-sided Hausdorff distance [56] from γp to γ̄p

d(γp,γ̄p)=max{min{d(x,y) :y∈ γ̄p} :x∈γp} .
Informally, while following γ, this is the furthest that p gets
from its designated trajectory γ̄p. Now, we define the error
of a generated trajectory to be the furthest that any p∈∂A
gets from its designated trajectory:

Err(γ)=max{d(γp,γ̄p) :p∈∂A} .
Recall that γ̄ is piece-wise linear in the Cartesian space, and
γ is piece-wise linear in the robot’s joint space. We call the
vertices of γ anchor configurations and denote them by ci.
We wish to bound Err(γ) by a linear function of the largest
L1 distance between adjacent anchor configurations of γ.
Err(γ) is bounded by the maximal total distance any

point p∈∂A travels during the linear transition of a robot C-
space configuration c from ci to ci+1. This is true since
for the anchor configurations the generated and original
configurations are equal. For a given distance δ between
two anchor configurations, the scenario in which a point
p∈∂A undergoes the largest distance is when the arm is fully
extended, parallel to the base, and the base joint moves by δ.
We denote the maximal distance of a point in our moving sys-
tem (the robot and the dynamic body attached to it) from the
robot’s base by D. Lastly, for a trajectory γ with a maximal
L1 distance of δ between adjacent anchor configurations:

Err(γ)≤max
{∫ tci+1

tci

γp(t)dt :p∈∂A,i∈ [N ]
}
≤δ ·D, (4)



where tci denotes the time that γ reaches ci, and we get the
required linear bound with a constant D. Using this bound,
we can control Err(γ) by changing δ.

As for self-collisions, the bound in Inequality (4) holds
also for every point on the boundary of the moving system,
including the robot’s links. For every pair of adjacent anchor
configurations, ci,ci+1, a point p on the boundary of the
arm travels a distance of at most δ ·D. Hence, throughout
this motion, p keeps a distance of at most δ·D

2 from at least
one of γp(tci),γp(tci+1

). Therefore, by ensuring that each
anchor configuration is collision-free with δ ·D clearance,
we guarantee that the entire trajectory is collision-free.

To achieve that, our first building block is a single pose
analytic IK solver. In this work we use the IK solution
suggested by [45].

We start with a short reminder regarding inverse kinematics
branches (see [46] for details). For each end-effector pose,
the 6 − DoF UR-like robotic arm has up to 8 possible
different IK solutions. These solutions differ from each other
by three parameters: shoulder left/right, elbow up/down and
wrist left/right-hand rule, as can be seen in Figure 2.

(a) (b) (c)

Fig. 2: Different IK branch types of a UR5e. A right-handed
coordinate frame is attached to each wrist pose. The wrist
is considered to be in a right-hand configuration if the wrist
2 rotation axis can be found using the right-hand rule on
axes wrist 1 and wrist 3. In (a) and (b) the wrist’s axes align
with the right-handed coordinate frame, thus they are in a
right-handed wrist branch. In (c) the middle wrist axis, called
wrist 2, is pointing in the opposite direction hence the pose
is of a left-handed wrist branch. The other parameters are:
(a)/(c) show a left/right shoulder configuration, respectively;
(a)/(b) show an up/down elbow configuration.

Every combination of these three parameters defines an
IK branch. We denote these parameters by i,j,k∈{−1,1},
and specify their values when carring out an analytic IK
calculation. The shoulder’s side is determined by i, the
wrist by j, and the elbow by i ·k. In [46], they also show
that given a joint-space configuration of the arm, these
parameters can be easily extracted.

Having introduced the concept of IK branches, a naive
approach to computing a trajectory in joint space would
be to choose a specific branch and apply IK for each pose
along the path using fixed i,j,k parameters corresponding to
that branch. Unfortunately, some trajectories are physically
infeasible using a single branch as can be seen in Figure 3
and in a full video in the project page 5.

To overcome this issue, we introduce branch switching in
our solution. For each anchor point in the given trajectory,

5https://tau-cgl.github.io/Full-Cycle-Assembly-O
peration/

(a) (b) (c)

Fig. 3: Three key frames from a straight line trajectory
performed by a UR5e arm. No single branch is feasible in
both the left and right frames. Using the wrist singularity (b),
the arm can switch from the right-hand wrist configuration
(a) to the left-hand wrist configuration (c) and successfully
complete the motion. The full video is provided in the project
page 5.

we calculate the IK solution under every feasible branch. We
build a layered Directed Acyclic Graph G=(V,E), where
layer Lk contains the feasible IK solutions of pose k in the
trajectory as nodes. We connect node a∈Lk with a directed
edge to node b∈Lk+1 if and only if their L1 distance in
C-space is smaller than some predefined threshold δ. We let
the weight w(e) of each edge e∈E be this distance. Next, we
wish to find a path from the first pose to the last one, while
guaranteeing the best bound we can on Err(γ). This is done
by adding two dummy nodes s,t to the graph, and connecting
them with zero-weight edges to the nodes of L1 and LN

respectively, where N is the number of anchor points in the
trajectory. We then perform a search for a directed path in
G from s to t with the minimum maximally-weighted edge.
Let ΠG(s,t) denote all the paths from s to t in G, then:

γ= argmin
ρ∈ΠG(s,t)

{
max
e∈ρ
{w(e)}

}
.

We find γ by replacing the sum in Dijkstra’s shortest path
algorithm [57] with the max function. For a trajectory γ⊆C,
we denote the largest distance between two neighboring
poses in the trajectory by δγ . Using this variant of Dijkstra’s
algorithm we get γ with the optimal δγ value. Thus, we get
the best error guarantee from Inequality (4). If δγ≤ ϵ

D , we
get the desired Err(γ)≤ϵ. We note that a similar graph and
dynamic-programming approach appear in [50] but with a
few major differences: A layer in their graph is a collection
of nearby numeric IK solutions obtained by adding noise
to each intermediate configuration in the path, with no
reference to branches, and, the context is of a constant
placement. In contrast, our graph uses closed-form exact
IK configurations including the 8 IK branches (if available),
enabling for the quick trajectory placement.

A demonstration of a simplified version of the graph that
we construct for the trajectory from Figure 3 can be seen
in Figure 4. A pseudo-code of our CPW-IK algorithm is
presented in Algorithm 1.

D. Trajectory placement

The outcome of the first two steps of our framework
(Sections III-A and III-B) is a trajectory γ̄ for the dynamic
sub-assembly, which solves our assembly operation in
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Fig. 4: A simplified version of the IK layered graph of the
trajectory from Figure 3. The upper nodes refer to the right-
hand wrist solutions, and the lower to the left-hand wrist
configurations. The other branches were omitted for clarity.

Algorithm 1 CPW-IK

Input: end-effector trajectory γ̄, distance threshold δ>0
Output: joint-space trajectory ρ
L1,...,LN← [ ]
V ← [s,L1,L2,...,LN ,t]
E← [ ]
G←(V,E)
for p∈ γ̄ do

for i,j,k∈{−1,1}3 do
vpijk

← IK(p,i,j,k)
if vpijk

is not null and collision free(vpijk
) then

add vpijk
to Lp

for v
′ ∈Lp−1 do

∆←∥vpijk
−v′∥

if ∆<δ then
add (v

′
,vpijk

,∆) to E

add 0-weight edges from s to L1

add 0-weight edges from LN to t
ρ← shortest path(G,s,t)
return ρ

the free-flying object setting. Notice that γ̄ is a curve in
six-dimensional space.

The objective here is to find a placement (position and
orientation) for the Cartesian trajectory γ̄, that will enable a
successful solution of the continuous path-wise IK (CPW-IK,
Section III-C). As mentioned in the Introduction, this
problem is similar to the well studied robot placement
problem [53], however, here the challenge is to place a full
continuous trajectory.

To place the trajectory, we begin by randomly sampling
a 6D starting pose q̄start for the manipulated sub-assembly,
and derive the starting pose of the static sub-assembly from
it, as the initial relation between them is known. Once we
have an initial pose candidate q̄start, we translate and rotate
the 6D curve γ̄ into γ̄q̄start , where the initial pose matches
the sampled one. We then run the CPW-IK algorithm on
γ̄q̄start . If successful, a valid placement for the trajectory was
found, and we are done. Otherwise, we sample a new initial
pose and repeat the process.

An environment or an application may pose various
constraints on the assembly, such as available space in the
cell, or preferred orientation of the objects. Therefore, the
trajectory-placement function supports bounding each of the
6 dimensions of the search to a small interval or even a
single point. This functionality can significantly speed up the

search, when such constraints are known. A demonstration
of this functionality appears in constraining industrial assem-
bly 16505 to a single orientation as can be seen in Figure 1.

To further narrow down our search, we use known
kinematic limitations of the robotic arm at hand. For
instance, a pose where the projection of the base of the final
link on the xy plane is closer than d4 to the robot’s base
is physically unreachable [58]. Additionally, the distance
between the base of the final link and the base of the robot
can not exceed a2+a3+

√
d24+d25 (ai,di are DH parameters

as illustrated in [44]).
For each path γ̄q̄start

generated during the trajectory
placement, we are guaranteed that our CPW-IK solver gives
us the optimal feasible γq̄start in terms of δ, if one exists.
Remark. Trajectory placement is similar to what is referred
to in the literature as robot placement, albeit with two main
differences. Robot placement looks for a suitable placement
for the robot from which it can access a given configuration
q̄∈SE(3), or a small set of such configurations. In trajectory
placement the robot placement is given, and we seek a fea-
sible pose for the entire trajectory—an infinite set of config-
uration points—according to the given robot placement. The
second difference is that keeping the robot still, and moving
the trajectory around, provides the flexibility of coping with
more complex scenarios such as additional constraints on the
trajectory pose (see, e.g. the solution for assembly no. 16505
in Figure 1, where orientation was decided based on ease
of printing, and given to the algorithm as input), and further
to place more than a single trajectory relative to the same
robotic arm, which is typical in manufacturing environments.

E. Grasping
The result of the trajectory placement phase is

configurations q̄start for the dynamic sub-assembly and
q̄static for the static one. When shifting to the real world, a
physical fixture (or an additional robotic arm, when available)
is required in order to fix the static body in its pose. We
place it in simulation in q̄static, then add a vertical fixture at
a point where the dynamic object does not cross throughout
the assembly, usually the end farthest from the arm base.
We create a base aligned with the robot base frame as can
be seen in Figure 5a, so locating it in the real world is easy.

For the dynamic sub-assembly, the chosen grasping point
and orientation define a relative grasping pose G between
the frame of the end effector and the frame of the dynamic
sub-assembly. G is decided prior to the trajectory placement
phase so that the end effector does not intersect with the
static part along γ̄.

The pose G should be carefully calibrated at the beginning
of the physical execution, and firmly maintained throughout
the execution. At first, we used to attach a large piece,
complementing the robot end-effector to a box, which we
refer to as large negative. That negative, attached to the
sub-assembly at manufacturing (in fact, 3D printing) time,
ensures precise grasping and the desired frame pose G
between the sub-assembly and the end effector, as can be
seen in Figure 5b. Later, in order to minimize intervention in
the product and motion limitations, we switched to a minimal
version of this calibration mechanism, as can be seen in
Figure 5c. Lastly, in order to completely remove any motion



(a) (b) (c) (d)

Fig. 5: Four levels of fixture or grasping to ensure relative
pose of the sub-assembly: (a) simple fixture for the static
sub-assembly, (b) large jig, (c) minimal jig, and (d) barely
visible cutout.

limitations, a cutout was formed, which requires minimal
modification to the object itself, and no limitation at all on the
free-flying object solution path, as can be seen in Figure 5d.

IV. EXPERIMENTS

Our experiments aim to validate the proposed framework
for tight assembly operations. This research addresses
challenges in automated assembly planning that have not been
previously tackled in a similarly broad fashion, to the best of
our knowledge. Consequently, there are no direct benchmarks
for comparison. We therefore demonstrate its capabilities on
a variety of challenging cases, showcasing the framework’s
ability to handle assembly problems that require non-trivial
combinations of translation and rotation in their solution. We
do so using physical robots and assemblies, and in simulation.

A. Implementation details

For the first stage of free-flying objects motion
planning we have used the open source software
from our previous work [14], which is available at
https://github.com/TAU-CGL/tr-rrt-public

The physical settings includes a Universal Robots UR5e,
equipped with a Robotiq 2F-85 gripper, which provides
flexibility as to grasping points with minimal intervention
with the grasped parts.

We begin with the free-flying trajectory γ̄ and seek a valid
placement using a grasping point on the dynamic part, farthest
from the static one. Once a trajectory γ is found, we simulate
it in CoppeliaSim and choose a grasping point for the static
sub-assembly. Using Blender, we add a vertical fixture to
the static part for easier physical positioning. We then create
a cutout in the dynamic part where it meets the end effector,
calculating its relative frame for trajectory adjustment.

We print the parts using an Ender-3 S1 3D printer with
0.2mm resolution. Finally, we position the parts and execute
the generated trajectory γ.

B. Dataset

We demonstrate our work on assembly instances taken
from a dataset first presented in [12], and parts of which
were also used in [13] and [14]. From this dataset, we
refer to two sub-groups puzzle and others, which are tight
assemblies that require non-trivial combination of translation
and rotation in order to be assembled, hence proved to be
the hardest for the algorithms tested in [12].

C. Evaluation
We demonstrate our framework on 6 assemblies chosen

such that from every assemblies family the most difficult one
is represented. As printing time of the objects was found to
be a bottleneck, we present video clips of 3 instances in real
life, and 3 instances in simulation. Technical information is
presented in Table I, and the video clips for all 6 assemblies
are available at the project page 5.

TABLE I: For each assembly, # vertices(γ̄) represents the
number of configurations in the free-flying path. Placement
represents the average Trajectory placement time for finding
a single valid placement in seconds, using Apple M1 Pro
processor. Ratio represents the portion of valid trajectories
out of all trajectories sampled in the search.

Assembly alpha az abc 16505 09301 06397
# vertices(γ̄) 2,649 6,102 2,399 1,498 4,108 7,420

Placement 12.48 37.4 3.3 1.73 10.63 30.0
Ratio 0.048 0.033 0.34 0.54 0.154 0.07

V. DISCUSSION

In this work we present, for the first time, a framework
that takes in digital designs of sub-assemblies, and ends by
executing their assembly in the physical world. We provide
quality guarantees for the executed trajectory by bounding
the error between this joint-space trajectory and the computed
trajectory in the Cartesian space. We have developed dedi-
cated relaxation and smoothing functions for bridging the gap
between the trajectory of the free-flying digital objects and
the trajectory we compute in joint space. We have devised
a method to produce consistent path-wise IK solutions, and
used it for placement search for the 6D continuous workspace
trajectory, which is equivalent to placement of a 6D curve in a
complex 6D environment. Lastly, we provide an open source
software package enabling to reproduce all of the above.

The only part of the framework that still involves some
manual intervention is the grasping. We took a rather simple
approach there: Choose a portion (part) of the sub-assembly
farthest from contact with the other sub-assembly throughout
the process, and (i) form a cutout in it, if it is the dynamic
sub-assembly, or (ii) add a fixture there, if it is the static
sub-assembly. We aim to reduce the amount of manual
intervention after further research.

In this work, the combination of the tasks at hand together
with the quickness of the trajectory IK and placement,
resulted in fast running times in spite of using a simple search.
In future work, in order to cope with more challenging
assemblies, we aim to devise a more advanced search, which
in particular will include optimization for various criteria.

In this work we have focused on execution of assembly
operations in a robotic cell. We demonstrated placement of
a few trajectories within the same environmental constraints,
which is relevant for industry 4.0 and dynamic production,
e.g. assembly of sub-models of the same car model or
coffee machine in the same line. This approach leverages
the presented trajectory placement technique.

https://github.com/TAU-CGL/tr-rrt-public
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